We report on a combined theoretical and numerical study of counterflow turbulence in superfluid 4 He in a wide range of parameters. The energy spectra of the velocity fluctuations of both the normal-fluid and superfluid components are strongly anisotropic. The angular dependence of the correlation between velocity fluctuations of the two components plays the key role. A selective energy dissipation intensifies as scales decrease, with the streamwise velocity fluctuations becoming dominant. Most of the flow energy is concentrated in a wavevector plane which is orthogonal to the direction of the counterflow. The phenomenon becomes more prominent at higher temperatures as the coupling between the components depends on the temperature and the direction with respect to the counterflow velocity.
Introduction
Below a critical temperature T λ ≈ 2.17 K liquid 4 He behaves as a quantum fluid 1,2 , consisting of an inviscid superfluid, associated to the quantum ground state, and a gas of thermal excitations which make up the viscous normal fluid. Quantum mechanics 4 constrains the rotational motion of the superfluid in 4 He to discrete Angström-width quantum vortex lines of fixed circulation. The thermal excitations scatter on a dense tangle of these vortices, thus inducing a mutual friction force between the normal fluid and the superfluid.
Turbulent superfluid Helium in a channel with a temperature gradient is a subject of extensive research for many decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In such a setting, so-called "counterflow", the normal fluid flows from the hot end of the channel to the cold end while the superfluid flows in the opposite direction. Most attention was devoted so far to the measurement and the analysis of the density of vortex lines and to the mutual friction between the components.
Recent advances in the visualization techniques offer for the first time a direct access to the statistics of the velocity fluctuations of the normal fluid [11] [12] [13] and the superfluid [14] [15] [16] . It was shown that the large scale statistics of the normal fluid in the counterflow is very different [11] [12] [13] from the statistics of classical fluids. The theoretical analysis [17] [18] [19] highlighted the importance of correlations between the superfluid and the normal fluid components, which lead to the energy spectra of both components being steeper than their classical counterparts. Moreover, we have recently shown 19 that the direction of the mean relative velocity plays an important role; The correlation between the 4 He components decays slower for eddies stretched along the counterflow velocity. In contrast, the correlation of eddies, which are elongated in the orthogonal direction, decay faster, leading to their enhanced energy loss. As a result of this directionally preferred energy dissipation, the velocity fluctuation consist mostly of the streamwise components, while most of the flow energy is concentrated in the wavevector plane orthogonal to the counterflow.
Here we consider this phenomenon further and study its consequences in further detail. The paper is organized as follows: in the Sec. I we provide a sketch of a theory of counterflow turbulence with a stress on its anisotropy. In Sec. I A we introduce the basic set of coarse-grained equations for the counterflow. These are used for the theoretical analysis and for the numerical simulations. In Sec. I B we clarify how various approaches to the statistical description of the anisotropy energy surface are related. Next, in Sec. I C, we discuss the physical origin of the strong spectral anisotropy in counterflow turbulence. In Sec. II we present the results of the direct numerical simulations (DNS) of the two-fluid coarse-grained Eqs. (1a). The main conclusion is that the analytical predictions are confirmed. In the first subsection Sec. II A we discuss the simulation parameters and the numerical procedure. Next, in Sec. II B, we use standard statistical characteristics: one-dimensional (1D) energy spectra and cross-correlation functions, averaged over a spherical surface of radius k (i.e. over all directions of vector k) to provide an overview of spectral properties of 4 He counterflow. We find that at the small-k regime, the normal-fluid and superfluid velocity components are indeed well correlated. As expected, mutual friction plays secondary role and the spherically-averaged spectra are similar to the spectra in the 4 He-coflow turbulence 20 , being only slightly steeper than the Kolmogorov-1941 (K41) spectra of classical hydrodynamic turbulence. On the other hand, at relatively large k the fluid components are practically uncorrelated; mutual friction provides a leading contribution to the energy dissipation and the counterflow spectra are similar to those in 3 He superfluid turbulence with the normal-fluid component at rest 21, 22 . The spectra become strongly suppressed in comparison to K41 energy spectra.
The similarities between the inherently anisotropic counterflow energy spectra and the isotropic spectra in the turbulent 4 He-coflow and 3 He are, however, superficial. To expose the differences, we discuss in Sec. II C the two-dimensional (2D) energy spectra which depend, besides the wavenumber k, upon the angle θ between the wave-vector k and the counterflow velocity U ns . Here we find that the spectra become more and more anisotropic with increasing k, being confined in k-space to a small range cos θ < 0.1, i.e. near the wavevectors plane which is orthogonal to U ns . This effect becomes stronger with increasing temperature. The tensor structure of the energy spectra, considered in Section II D, is also temperature dependent: the small-scale turbulent velocity fluctuations are dominated by only one vector component, parallel to U ns , becoming more so at higher temperature. Further, we compare several variants of differently averaged 1D spectra ( Sec. II E) and structure functions (Sec. II F) to expose other aspects of the spectral anisotropy in connection with possible experimental observations.
In Sec. III we summarize our findings: Counterflows exhibit strongly anisotropic energy distributions. The energy spectra are localized near a direction that is orthogonal to the counterflow. The phenomenon is similar to atmospheric turbulence with a strong stable stratification or to rotational turbulence [23] [24] [25] [26] [27] [28] . On the other hand, the tensor structures of these two types of quasi-2D turbulence are quite the opposite: in atmospheric turbulence the vertical component of the turbulent velocity fluctuations is suppressed by the stratification and only the two horizontal components are dominant 23 . In the counterflow turbulence the main contribution to the turbulent energy comes from one streamwise velocity projection, while the two cross-steam velocity projections are strongly suppressed. The observed phenomenon is mild at low temperatures and becomes more prominent as the temperature increases. We confirm, in agreement with Ref. 13 , that the structure functions of the turbulent velocities in the counterflow do not reflect in a quantitative manner the underlying energy spectra. However, the relative magnitude of the structure functions, measured in different directions, may qualitatively reflect the presence of the spectral anisotropy.
I. QUALITATIVE ANALYSIS OF ANISOTROPIC COUNTERFLOW TURBULENCE
As we mentioned in the introduction, one of important properties of superfluid 4 He is the quantization of vorticity, which concentrates on vortex-lines of core radius a 0 ≈ 10 −8 cm with fixed circulation κ = h/M ≈ 10 −3 cm 2 /s. Here h is Planck's constant and M is the mass of the 4 He atom 4 . A complex tangle of these vortex lines with a typical inter-vortex distance 3 ℓ ∼ 10 −4 − 10 −2 cm is a manifestation of superfluid turbulence 4 . On the large scales this type of turbulence is commonly described by the two-fluid model. The density of 4 He ρ is modelled as a mixture of two fluid components: an inviscid superfluid and a viscous normal fluid, with respective densities ρ s and ρ n such that ρ = ρ s + ρ n . The fluid components are coupled by a mutual friction force 1,3,5,7-9 . Large-scale turbulence in 4 He can be generated by various ways. In mechanically driven 4 He (so-called "coflow"), the turbulent statistics is similar 10, 20, [30] [31] [32] to that of classical turbulence. In this case both components move in the same direction and the mutual friction force couples them almost at all scales. On the other hand, when a temperature gradient ∇T is imposed in a channel closed at one end, the heat flux is carried away by the normal fluid with a mean velocity U n ∝ ∇T , while the superfluid component flows in the opposite direction with the mean velocity U s . There is no net mass flow: ρ n U n +ρ s U s = 0. The counterflow velocity U ns = U n −U s creates a random vortex tangle with an energy spectrum, peaking at the intervortex scale ℓ and with a close to Gaussian statistics, as demonstrated experimentally in Refs.
14-16 and rationalized theoretically in Refs. 18, 33 . At large enough U n , the laminar flow of the normal component become unstable, creating large scale turbulence with the energy spectrum dominated by "the outer scale of turbulence" ∆ ≫ ℓ (e.g. about half-width of the channel). Although the particular mechanisms of the large scale superfluid motion generation are not known in details, recent indirect experimental evidence indicate 13, 33 that the large-scale normal fluid motion gives rise to the superfluid turbulent motion due to the components' coupling by the mutual friction force.
A. Coarse-grained equations for counterflow 4 He turbulence Our approach 17, 18, 34 to large-scale counterflow turbulence is based on two Navier-Stokes equations (NSE) for the velocity fluctuations of the normal fluid and superfluid components U n (r, t) and U s (r, t). A complication arises from the fact that the counterflow is created in a channel and therefore is, in general, inhomogeneous. However, at large enough Reynolds numbers, the flow in the center of the channel can be approximated as almost space-homogeneous 35 . We therefore adopt a simplifying description with space homogeneity and stationarity. Further, we perform the standard Reynolds decomposition of the velocities into their mean and turbulent velocity fluctuations with zero mean:
The mean velocities are taken below as externally prescribed parameters of the problem. Note that in the classical hydrodynamics, the Navier-Stokes equations are Galilean invariant and one can choose a reference system in which the constant mean velocity vanishes. In the twofluid counterflow, there is no such reference system and the mean velocities are necessarily present in the equa-tions of motion for the turbulent velocity fluctuations:
These equations are coupled by the mutual friction force 2,6,36 f ns . Here f ns (r, t) is a fluctuating (with zero mean) part of the total mutual friction force F ns (r, t):
The pressures p n , p s in Eqs. (1b) are given by
(1d) The kinematic viscosity of the normal fluid component is ν n = η/ρ n , where η is the dynamical viscosity 29 of the normal 4 He component. The energy sink 34 in the equation for the superfluid component, with an effective superfluid viscosity 3 ν s , accounts for the energy dissipation at the intervortex scale ℓ due to vortex reconnections and energy transfer to Kelvin waves. The random forces ϕ s and ϕ n represent the forcing of the turbulent flow at large scales.
The physical origin of the mutual friction is the scattering of excitations that constitute the normal fluid on the vortex lines. Any motion of a vortex line relative to the normal fluid results 3 in a force per unit length of the line, which can be written as
Here s ′ is a unit vector along the length of the vortex, γ 0 and γ ′ 0 are some phenomenological parameters. In order to estimate the coarse-grained mutual friction force f ns in Eqs. (1b) one needs to properly average the microscopic Eq. (2) for f . The result depends on the statistics of the quantum vortices that in turn depend on the particular turbulent flow properties. In particular, this procedure includes averaging of the force f over directions of the orientations s ′ in the vortex lines. In the relatively simple case of rotating turbulence, the vortices are oriented mostly along the axis of rotation. In this case s ′ may be directly related to the direction of the superfluid vorticity ω s : s ′ = ω s /|ω s | . The resulting equations were named the "HVBK equations" 5,6 after Hall, Vinen, Bekarevich and Khalatnikov.
Clearly, the original HVBK equations are not applicable for the superfluid turbulence without global rotation, for which s ′ = 0. In this case, to obtain a coarsegrained representation one should average Eq. (2) over "a physically small volume" of scale δ. This scale should be chosen to be much larger than ℓ, but still much smaller than the scale r of turbulent fluctuations under consideration, ℓ ≪ δ ≪ r. 
Here L tot is the total vortex length in the whole vortex configuration C over which integrals are taken andr andr ⊥ are unit vectors in the directions parallel and perpendicular to U ns respectively. Using (3a) and (3b), the mutual friction force may be written as
Notably, the second non-dissipative term in Eq. (2) ∝ γ ′ 0 , vanishes by symmetry and does not contribute 9 to the averaged quantity F ns . The mean mutual friction force F ns , (3c), found earlier by Schwarz 9 , enters into the equations for the mean velocities U n and U s , which we do not discuss. The fluctuating part (3d) of the mutual friction force f ns (r, t) enters Eqs. (1b). The vector components of turbulent counterflow velocity fluctuations u ns and u ⊥ ns are oriented in the directions ofr andr ⊥ respectively.
The definitions Eq. (3) do not take into account that the turbulent intensity of the normal fluid velocity |u n | 2 /U ns in the counterflow turbulence is not very small and can reach 12 values of about 0.25. So, strictly speaking, in Eq. (3a) and (3b) the directionsr andr ⊥ , should be taken along and orthogonal to the total counterflow velocity U ns . In addition, one should take into account the space-time dependence of L in Eq. (3d). However, since the leading contribution to |u ns | 2 originates from the outer scale of turbulence ∆ ≫ ℓ, for the motions of the scale ℓ this correction effectively adds to U ns and we can neglect the influence of the velocity fluctuations of the scale r on the vortex line density, replace an average of the product by the product of averages and consider L as constant. The equation (3d) may be identically rewritten as
Taking the numerical values of I and I ⊥ (see e.g. Tab.
IV for T = 1.6 K in Ref. 41 ) we see that (I ⊥ −I )/2 ≈ 0.05. This means that with a reasonable accuracy of about (5 − 10)% we can neglect the anisotropy term in Eq. (4) and use the simple form f ns (r, t) = Ω s u ns (r, t) as a good approximation for f ns even for counterflow turbulence. Furthermore, in this paper we do not consider the dependence of L on the flow parameters and use the mutual friction frequency Ω s as a prescribed external control parameter. It can be estimated or measured for each particular flow conditions.
B. Statistical characteristics of anisotropic turbulence

Velocity correlation function
A useful characterization of homogeneous superfluid 4 He turbulence is furnished by the three-dimensional (3D) correlation functions of the normal-and superfluid turbulent velocity fluctuations in k-representation:
the indices α, β = {x, y, z} denote Cartesian coordinates, the subscripts " i,j " denote the normal (i, j =n) or the superfuid (i, j =s) fluid components and * stands for complex conjugation. In the rest of the paper, we denote the trace of any tensor according to
The correlation function E αβ ij (k) and the Fourier transform (5c) are defined such that the kinetic energy density per unite mass E j reads
(5e)
The dimensionality of the energy density is [E jj ] =cm 2 /s 2 , while the dimensionality of the 3D energy spectra is [E jj ] =cm 5 /s 2 . Due to the presence of a preferred direction (the counterflow velocity), the resulting turbulence has an axial symmetry around that direction. Accordingly, E αβ ij (k) depends only on two projections k and k ⊥ of the wavevector k: k ≡ U ns (k · U ns )/U 2 ns and k ⊥ ⊥ U ns , being independent of the angle ϕ in the ⊥-plane, orthogonal to
nd -order statistics of the counterflow turbulence:
Another way to represent the same information is to introduce a polar angle θ = ∠(k, U ns ), to represent the wavevector length as k = k 2 + k 2 ⊥ and to define a 2D objectẼ αβ ij (k, θ) in spherical coordinates:
The dimensionality of 2D energy spectra and correlation functions is [
4 /s 2 . A more compact but less detailed information on the statistics of turbulence is provided by a set of onedimensional (1D) energy spectra. The most traditional are the 1D "spherical " energy spectra and the crosscorrelation function
, averaged over a spherical surface of radius k:
In the isotropic case, when E αβ ij depends only on k = k 2 + k 2 ⊥ , this representation simplifies to a well know relationship
Further information about the anisotropy of the 2 ndorder statistics is obtained by comparing the spherical 1D-spectra • E ij (k) with a set of 1D spectra averaged differently. A natural choice are spectra averaged over a cylinder of radius k ⊥ with the axis oriented along k . This results in the cylindrical 1D spectra
Alternatively, one can average the 3D function E ij (k , k ⊥ ) over a plane. Here we choose two planes:
These spectra depend on the streamwise projection k of the wave-vector k.
, averaged over the -plane, oriented along U ns . We chose for concreteness the plane (k x , k z ), such that k = k x and the spectra depend on k y :
Note that the 2D-, and 1D-energy spectra are defined such that the kinetic energy density per unit mass E j can be found as:
The tensor structure of the energy spectra will be considered only in Sec. II D. In the rest of Sec. II we will restrict ourselves by discussing only scalar versions of the energy spectra, which are the traces of their tensorial counterparts.
Velocity structure functions
Another presentation of the statistics of turbulence is provided by the second-order velocity structure functions
The trace S j (R) ≡ α S αα j (R) is a measure of the kinetic energy of turbulent (normal or superfluid) velocity fluctuations on scale R. Recently, the streamwise normal velocity across a channel, v x (y, t) was measured using thin lines of the triplet-state He 2 molecular tracers created by a femptosecond-laser field ionization of He atoms 42 across the channel. This way, the transversal 2 nd -order structure functions 11, 12 of the normal-fluid velocity differences S xx n (R y ) were obtained. Similarly, one can use two or more tracer lines, separated in the streamline direction x, to measure the longitudinal structure function S xx n (R x ) and even inclined structure function S xx n (R x , R y ). Using the definition of the structure functions (9a) and the one-dimensional version of the inverse Fourier transform (5d) one gets
Analyzing the integrals (10) for the scale-invariant spectra E(k) ∝ k −m one concludes that they converge in the window of locality
In this window, the leading contribution to the integrals (10) comes from the region kR ∼ 1 and
This is a well known relationship. For example, n = 2/3 for the K41 spectrum with m = 5/3 [which satisfy (11a)]. However for fast decaying spectra with m ≥ 3 the integrals (10a) diverge in the infrared region kR ≪ 1 with the main contribution coming from energy containing region k ∼ k 0 , giving
We see that connection between m and n for fastly decaying spectra with m > 3 is lost. To recover it for m > 3 we consider structure functions of the velocity second differences 43, 44 
Now instead of Eqs. (10) we have
Now these integrals converge in the extended window of locality In this window, the leading contribution to the integrals (13) again comes from the region kR ∼ 1 and, similarly to Eq. (11b), for the scale-invariant spectrum
For m > 5 the integrals (13) diverge in the infrared region and
It is worth noting that the relations (11b) and (14b) are valid in the limit of infinite inertial interval. For a finite inertial interval which is typical for the experimental conditions, the structure functions have a complicated functional dependence, mixing the inertial and viscous behavior and the original scaling of the energy spectra is reproduced over very short intervals of scales 13 . Nevertheless, when experimental conditions do not allow to measure the energy spectra directly, the structure functions remain the preferred tool to access the statistics of the velocity fluctuations. In a turbulent counterflow, where the energy spectra are not scale-invariant, the quantitative analysis of the structure functions may not be meaningful. Nevertheless a qualitative difference between structure functions measured along different directions may confirm the presence of the spectral anisotropy. In a recent Letter 19 it was shown that the energy spectra in counterflow turbulence are expected to be strongly anisotropic. To keep the present paper self-contained, we repeat here some of that discussion and add further clarifications to the analysis.
We start with a balance equation 18, 19 for the 2D energy spectrumẼ j (k, θ) in the counterflow turbulence with axial symmetry:
Here div k [ε j (k)] is the transfer term due to inertial nonlinear effects. The terms on the right hand side describe the energy dissipation rate due to the mutual friction D mf j (k, θ) and due to the viscous effects D ν j (k, θ). To keep the presentation concise, we introduced a notation Ω n = Ω s ρ s /ρ n .
The origin of the energy spectra anisotropy in counterflow turbulence can be deduced from the form of the dissipation rate D mf j (k, θ) (15b). In this term, the crosscorrelation functionẼ ns (k, θ) has the following form [cf. 
Eq.(13) in Ref.
17 ]:
Here A = Ω sẼn (k, θ)+Ω nẼs (k, θ) and B can be written 18 as B = Ω ns = Ω n + Ω s . We further note 18, 19 that when two components are highly correlated, the crosscorrelation may be accurately represented by the corresponding energy spectra. For wave numbers where the components are not correlated,Ẽ ns (k, θ) is small and the accuracy of its representation is less important. This allows us to decoupleẼ ns (k, θ) in Eqs. (15) for each component as follows:
Note that averaging Eq. (16c) over θ results in the equation for D(k), used in the theory of isotropic counterflow turbulence 18 :
The function D(k, θ) in Eqs. (16) describes the level of decorrelation of the normal-fluid and superfluid velocity components by the counterflow velocity. Within the approximation (16b), D(k, θ) defines the rate of energy dissipation caused by mutual friction:
For small k or even for large k with k almost perpendicular to U ns (i.e cos θ ≪ 1), D(k, θ) ≃ 1 , the normal and superfluid velocities are almost fully coupled and the rate of the energy dissipation D mf j (k, θ) ≪ Ω j is small. In this case, the role of mutual friction is minor and we expect the energy spectrumẼ j (k, θ) to be close to the classical prediction E K41 (k) ∝ k −5/3 . For large k and for k with cos θ ∼ 1, D(k, θ) ≪ 1, the velocity components are almost decoupled, D j (k, θ) ≪ 1 and the mutual-friction energy dissipation is maximal: D mf j (k, θ) ≈ Ω j . This situation is similar to that in 3 He with the normal-fluid component at rest, for which D mf s (k, θ) = Ω s . In this case, we can expect that the energy dissipation by mutual friction strongly suppresses the energy spectra, much below the K41 expectation E K41 (k) up to the level typical for the 3 He turbulence 21, 22, 36, 45 . Next, we note that Ω ns = Ω s + Ω n = ρ Ω s /ρ n . Then Eq. (16c) may be rewrit- 
d)-(f)-the cross-correlations R(k, θ).
The spectra and the cross-correlation for the coflow are shown by thin horizontal lines and marked V0Ω20, for the counterflow -by thick lines and marked V15Ω20. In all panels, red lines correspond to the averaging over wavenumber range 10 ≤ k < 20 (labeled as k10), green lines -to averaging over 20 ≤ k < 60 (labeled as k20) and blue lines -to the averaging over 60 ≤ k ≤ 80 (labeled as k60). Note the log-linear scale.
ten as
At low temperatures ρ n /ρ is small and the velocity decorrelation is considerable only at large k, while at higher temperature ρ n /ρ ≈ 1 and the energy dissipation by mutual friction is effective at all scales.
Combining all these considerations, we expect the energy spectraẼ j (k, cos θ) to become more anisotropic with increasing k, with most of energy concentrated in the range of small cos θ, i.e. in the wavevector plane orthogonal to the counterflow velocity U ns . This effect is milder at low T and stronger at higher temperatures.
II. STRONG ANISOTROPY OF ENERGY SPECTRA A. Simulation parameters and numerical procedure
The direct numerical simulation of the coupled Eqs. (1b) were carried out using a fully de-aliased pseudospectral code with a resolution of 256 3 collocation points in a triply periodic domain of size L = 2π. The parameters of the simulations are summarized in Table I . To obtain the steady-state evolution, velocity fields of the normal and superfluid components are stirred by two independent isotropic random Gaussian forcings:
where P (k) is a projector assuring incompressibility and Φ(k) = Φ 0 k −3 ; the forcing amplitude Φ 0 is nonzero only in a given band of Fourier modes: k ∈ [0.5, 1.5]. Both components are forced with the same amplitude to allow direct comparison with simulations of the uncoupled equations. The time integration is performed using a 2-nd order Adams-Bashforth scheme with the viscous term exactly integrated. Simulations for all temperatures were carried out with the normal-fluid viscosity fixed at ν n = 0.003 and the value ofν s is found using the known value of ratio ν s /ν n at each temperature.
To properly expose various aspects of the counterflow turbulence statistics we chose several sets of governing parameters for the simulations. Since the material parameters of 4 He are strongly temperature dependent
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(see Table I , columns #3-5), we consider three temperatures, corresponding to an experimentally accessible range T = 1.65, 1.85 and 2.0K. At low temperatures the superfluid component is dominant and has a lower viscosity, while at high T the density of the normal-fluid component is larger, while its kinematic viscosity is lower. At T = 1.85K, the densities and the viscosities of two components are closely matched. As was shown in previous studies 17, 18, 33 , the major role in the statistics of the counterflow in superfluid 4 He is played by the ratio of the mutual friction frequency and the counterflow Doppler frequency Ω ns /(kU ns ) [cf. Eq. (16d)]. To explore various scenarios, we use one counterflow velocity U ns and two very different values of Ω s . To emphasis the importance of the flow anisotropy, we compare the results for the counterflow with simulations of coflow U ns = 0, keeping the rest of parameters unchanged. The detailed study of the statistics of the coflow was reported in Ref. 20 . Other parameters of the simulations were chosen based on dimensionless numbers: i) the Reynolds numbers Re j = ∆u ν j k 0 , ii) the turbulent intensity U ns ∆u , and iii) the dimensionless cross-over scale
Here ∆u is the root-mean-square The energy spectra are influenced by a few competing factors: the viscous dissipation, the dissipation by mutual friction and the decoupling due to counterflow velocity. To find their relative importance, we first ignore the present angular dependence and consider the spherically averaged spectrum • E j (k) and the normalized cross-correlation function:
In the upper row of Fig.1 we plot the spectrum Next, we add the coupling by the mutual friction force, creating a coflow (green and brown lines). The strongly coupled components (V 0 Ω 20 , brown lines) are well correlated at all scales and move almost as one fluid. The corresponding spectra slightly differ only at the viscous scales. Note the additional dissipation due to mutual friction, leading to further suppression of the spectra compared to the uncoupled case, for T = 1.85 and 2.0 K. At the lower temperature T = 1.65K the energy exchange between components leads to stronger dissipation in the superfluid component and weaker dissipation in the normal-fluid component. For weaker coupling (V 0 Ω 1 , green lines), the situation is completely different. The components are almost uncorrelated, especially at large k. The coupling between them is translated into very efficient dissipation by mutual friction, leading to spectra that are suppressed almost at all scales, especially at high temperature (see Ref.
20 for details). In the presence of the counterflow velocity 17 , the two components are swept in opposite directions by the corresponding mean velocities. This leads to further decorrelation of the component's turbulent velocities, especially at small scales, for which the overlapping time is very short [cf. lines for V 15 Ω 1 and V 15 Ω 20 in Fig. 1(d-f) ]. Even for the strong coupling, V 15 Ω 20 , blue lines, the velocities become progressively less correlated for all temperatures. The dissipation by mutual friction is very strong in this case, with both Ω and the velocity difference being large, leading to very strongly suppressed spectra, with
there is still some interval of scales with k k 0 , for which the spectra are close to K41 scaling. The crossover scale agrees well with k × ≈ 7 for this case (see Table I , column #14). For higher temperatures this crossover scale become smaller and the classical-like behavior is not resolved. At weak coupling (V 15 Ω 1 , red lines), the velocities are essentially uncorrelated and the spectra of the two components dif- fer and are very strongly suppressed, especially at high T .
C. Angular dependence of 2D-energy spectra
The behavior of the spherically averaged energy spectra agrees well with the predictions of the theory 18 , based on the assumption of spectral isotropy. To explore the angular dependence of the energy spectra and the correlationsẼ ij (k, θ) we plot in Fig. 2(a-c) the spectraẼ j (k, θ) , normalized by the corresponding • E j (k) and in Fig. 2(d-f ) the corresponding normalized cross-correlationsR(k, θ). Given the discrete nature of the k-space in DNS, we further average them over 3 bands of wavenumbers. We do not account for the largest scales k ≈ k 0 which are influenced by the forcing and average the spectra and the cross-correlations over the k-ranges 10 ≤ k < 20, 20 ≤ k < 60 and 60 ≤ k ≤ 80. The corresponding lines are labeled as k 10 , k 20 and k 60 , respectively. Here we consider only strong coupling regime and plot the spectra and the cross-correlations for the coflow (V 0 Ω 20 ) and for the counterflow (V 15 Ω 20 ) .
The first observation is that the spectra and the crosscorrelation for the coflow are isotropic for all the conditions. The angular dependencies ofẼ j (k, θ) andR(k, θ) for the counterflow, on the other hand, have a complicated form. Both the spectra and cross-correlation are largest for cos θ ≈ 0 and fall off very quickly with decreasing angle. The spectra decrease exponentially with cos θ, slower for small k (red lines for k 10 ) and faster for larger k (green and blue lines for k 20 and k 60 , respectively). This effect is stronger for the normal-fluid (super fluid) component at low temperatures (high temperature). Most of the energy is contained in the narrow range cos θ < 0.1, near the ⊥-plane in the k-space, orthogonal to U ns .
To better quantify the angular energy distribution, we use the fact that the spectraẼ j (k, θ) have piecewise exponential dependence of cos θ , as is evident from Fig. 2(a) -(c). We then estimate the cos θ-range, in which half of the total energy is contained, for different wavenumber bands. At T = 1.65 K, for the small wavenumbers k 10 band, this range is indeed cos(θ) < 0.1 for both the normal an superfluid components. With increasing temperature, this range decreases to cos θ < 0.05 for T = 1.85 K and to cos θ < 0.03 for the normal-fluid and cos θ < 0.025 for the superfluid at T = 2.0 K. For the larger k 20 band these values are 0.04 and 0.06 for the normal fluid and the superfluid, respectively, at T = 1.65 K. For higher temperatures, as well as for the high wavenumber k 60 band, about a half of the total energy is contained in a narrow cos θ < 0.02 − 0.025 range for both components. Indeed, the superfluid energy spectrum E ss (k || , k ⊥ ), shown in Fig. 3 , is strongly suppressed in k || direction, while decreasing slowly in the orthogonal direction, especially for T = 2.0 K.
D. Tensor structure of 1D energy spectra
Given such a strong anisotropy of the spectra in the counterflow, it is natural to expect that different components of the turbulent velocity fluctuations are excited to a different extent. In this section we consider the tensor structure of 1D-energy spectra In Figs. 4 we plot the components of the spherical spectra for three temperatures as the ratios
The factor 3 was introduced to ensure that for the isotropic turbulence α=x,y,z
Indeed, for the coflow (the almost horizontal lines, labeled V 0 Ω 20 ) all the velocity components are excited equally, except for the smallest wavenumbers. On the other hand, for the counterflow turbulence (lines labeled V 15 Ω 20 ) the contribution of the Therefore, the counterflow turbulence represent a special kind of a quasi-2D turbulence, consisting mostly of the turbulent velocity fluctuations with only one streamwise projection u , which depends on the cross-stream coordinate r ⊥ : u (r ⊥ , t). This behavior is essentially different from other known types of quasi-2D turbulence, such as stably-stratified flow in the atmosphere [23] [24] [25] or rotational turbulence [26] [27] [28] , in which the leading contribution to the turbulent velocity field comes from the 2D velocity field u ⊥ that depends on r ⊥ : u ⊥ (r ⊥ , t). Such a u (r ⊥ , t)-turbulence can be visually presented as narrow jets or thin sheets as illustrated in Fig. 5 .
Note the difference with the strong acoustic turbulence. There the velocity field has tangential velocity breaks at the jets boundaries and the 1D energy spectrum E(k) ∝ k −2 . The energy spectra in the counterflow decay much faster. It means that the velocity fields at the jets boundaries are continuous together with some finite number of their derivatives. This is a consequence of the mutual friction that tends to smooth the velocity field.
E. Comparison of 1D energy spectra and reconstruction of 3D spectra
The best way to study the anisotropy of hydrodynamic turbulence is to expand the statistical objects in the irreducible representations of the SO(3) symmetry group, see, e.g. Refs.
25,46-49 . In counterflow turbulence, an attempt to expandẼ j (k, θ) into a series with respect to Legendre polynomials,
and to study k-behavior ofẼ j (k, θ), turned out to be ineffective. The very strong anisotropy ofẼ j (k, θ) spectra required too many terms in the expansion (22) for an adequate reproduction of its angular dependence. Therefore, we choose another way to characterize the spectral anisotropy, which is more suitable in our case. We compare the normal-fluid and superfluid spherical
In the case of isotropy, all the four 1D energy spectra are proportional to each other
differing only in numerical prefactors. Here p is the corresponding (dimensional, [p] =1/cm) wavenumber: p = k, k ⊥ , k or k y . By estimating contributions to the integrals in Eqs. (7a), (7c) and (7e) in the case of strong anisotropy (i.e coming from a narrow range with k ≪ k ⊥ ), one may show that the spectra are related as
, where C is a numerical prefactor. This fact may explain the good agreement between the experimental spectra E n (k ⊥ ), obtained in Ref.
13 and the prediction of the theory 18 for
• E j (k). The integral in Eq. (7d) is different and the spectrum ⊥ E j (k ) is expected to be confined to small k range. These spectra, normalized by the energy density E n and compensated by the K41 factor p 5/3 , are shown in Fig. 6 . The coflow spectra, appearing as almost horizontal lines, labeled V 0 Ω 20 , indeed differ by less than an order of magnitude for all T . The relation between various spectra for the counterlow is consistent with the above estimate, further confirming the strong spectral anisotropy. The degree to which the ⊥ E j (p) spectra, shown by green lines, are suppressed at different temperatures, agrees with the angular dependence ofẼ j (k, θ), Fig. 2(a)-(c) . While at T = 1.65 K the spectrum for the k 10 -range at cos θ ≈ 1 is smaller by three orders of magnitude in the direction of the counterflow compared to the orthogonal plane, at T = 2.0 K this difference is almost ten orders of magnitude. Accordingly, the ⊥ E j (p) spectrum at T = 2.0 K is confined to less than a decade in p. To better quantify the steepness of the spectra we list in Table II the values of the ratios E j (10)/E j (1) for
The analysis of the (k, θ)-dependence of theẼ j (k, θ) energy spectra in Sec. II C showed that the overwhelming part of the total turbulent energy is concentrated in the range of small cos θ, and consequently small k , say for k 10. For a semi-qualitative analysis of the 2D-spectra E j (k , k ⊥ ) andẼ j (k, θ) in this range of k || , we assume a factorization
If so, using Eqs. (7c) and (7d), we can reconstruct the 2D energy spectra as follows
where E j is the energy density in the system given by Eq. (8) . Furthermore, using Eqs. (6), we can also reconstruct the 2D spectraẼ(k, θ) from E(k , k ⊥ ):
In the range of small cos θ, where most of the turbulent energy is concentrated, Eq. (24c) can be simplified as follows:
The θ-dependence ofẼ j (k, θ) is therefore determined by ⊥ E j (k cos θ), i.e. cos θ appears in the combination k cos θ = k . This observation fully agrees with our theoretical prediction, that cos θ appears in the theory only via Eq. (16c) in the dimensionless factor kU ns cos θ/Ω ns . We consider this agreement as an argument in a favor of the factorization assumption (24a) for small cos θ.
To take a closer look at ⊥ E j (k ), we plot in Fig. 7 these spectra for different temperatures. To expose the functional dependence of the spectra, we use different scales in two panels: in the panel (a) the scale is Log-Linear, while in panel (b) the spectra are plotted in the Log-Log scale. At all temperatures the small-k behavior is exponential, while at larger k the spectra are consistent with the power-law behavior. Using this information, we propose the following form for the small-k -spectra:
It is tempting to relate the characteristic k * to the crossover scale k × : k * ∝ Ω ns /U ns = k × . Indeed, k * estimated from Fig. 7 (a) and k × (Table I, column # 14) have similar temperature trends. This gives additional support for factorization (24a) and for qualitative theoretical discussion of the problem in Sec. I C.
The observed steep power-law behavior of Fig. 7(b) with an apparent exponents m ≈ −7 may indicate a nonlocal energy transfer between largest and smallest scales, similar to the super-critical spectra in the superfluid 3 He. 
F. The structure functions
The energy spectra E j (k ⊥ ), ⊥ E j (k ) may be translated into the corresponding structure functions, according to Eqs. (10) and (13) . In Fig. 8 we show the structure functions (9b) S || n (R) ≡ S xx n (R) with the velocity differences taken in the direction of the counterflow R || ≡ R x and in the plane R ⊥ orthogonal to it. The structure functions (9b) for the coflow, shown in Fig. 8(a-c) as red and orange lines are similar to classical turbulence; at large scales they follow approximately R 2/3 scaling, gradually crossing over towards viscous R 2 behavior. The transition is very broad here, but the two apparent scaling ranges are evident. The cross-over scale increases with temperature. The structure functions, calculated along and across the counterflow direction, are similar, slightly differing mostly in the magnitude at all scales. The main difference from the uncoupled case (not shown) is the lower magnitude at all scales, reflecting the presence of addition energy dissipation by mutual friction. In the counterflow, the situation is different. Over most of the available range of scales, the structure functions, shown as dark and light blue lines in Fig. 8 , appear to have an apparent scaling behavior close to R 2 , especially S || n (R || ). The actual behavior depends on the flow conditions, in agreement with the results of Ref.
12 . The magnitudes of the structure functions are much lower than for the coflow. At the lower temperature T = 1.65K, S || n (R⊥) has an overlap with the corresponding structure function in the coflow a large scales, which disappears with increasing temperature. The two types of the structure functions in the counterflow have significant difference in magnitude, with S || n (R || ) being strongly suppressed. As it was suggested in Sec.I B 2, these structure functions do not quantitatively reflect the corresponding energy spectra, however the qualitative difference should be observable experimentally.
The influence of the coupling strength on the behavior of the structure functions is illustrated in Fig. 9 for T = 1.65K. Here, in addition to the weak coupling Ω = 1 and the strong coupling Ω = 20 we consider also an intermediate coupling strength Ω = 3.4. The structure functions for the classical turbulence are included for comparison. The general form is similar for all values of Ω, with all the structure functions in the counterflow being strongly suppressed compared to classical turbulence, especially S || j (R || ). Note that at this temperature the structure functions of the normal fluid are more suppressed for weaker coupling, in accordance with the energy spectra in Fig. 1(a) . For the transverse S || j (R ⊥ ) the difference between the two fluid components is relatively small and the influence of the coupling strength is weak. This is consistent with the 2D energy spectra, shown in 13 . In the longitudinal direction, similar to the structure functions, the flatness F || n (R || ) is almost constant in the counterflow, leading to a much stronger discrepancy between the transverse and the longitudinal components that in the classical turbulence. This constant value reflects the behavior of the structure functions S || n (R || ) ∝ R 2 || and P || n (R || ) ∝ R 4 || over a wide range of scales that is a consequence of the energy spectra ⊥ E j (k ) that fall off faster than k −3 .
The second difference structure functionsS || j (R) (12b) are expected to better reflect the underlying spectra, at least for E(k ⊥ ), since they have wider windows of locality up to k −5 . The steeper ⊥ E(k ) result in S || (R ) behaving as R 4 in most of the available range of scales. In principle, these exponents can fall within the windows of locality for the structure functions of the third difference (up to x ≤ 7) and of the fourth difference (up to x ≤ 9.0). We do not discuss these objects due to the increasing difficulties in their measurements.
Having in mind possible experiments, we compare in Fig. 11 two types of the structure functions for the normal fluid in the counterflow. To allow a meaningful comparison we plot them normalized by the values at the largest R = R max and compensated by the corresponding vis- Indeed, the transition to the viscous behavior (the horizontal lines at small scales) occurs at smaller R for S || j (R) (marked by triangles and diamonds) than for S || j (R) (marked by squares and circles). As expected, the range of the condition-dependent apparent scaling at large scales also increases. In addition, the difference in the amplitudes of the structure functions in the longitudinal and transverse directions is much larger for S || (R), hopefully allowing more accurate detection of the anisotropy.
III. CONCLUSIONS
Both the theoretical considerations and the results of the numerical simulations presented indicate strong anisotropy in the energy distribution in counterflow turbulence. This is basically due to an angular dependence of the energy dissipation caused by the mutual friction force. It tends to suppress the velocity fluctuations elongated across the direction of the counterflow velocity. At the same time, most of the flow energy is confined to a narrow wavenumber plane, orthogonal to this direction, leading to a flow which is smooth along the counterflow direction and turbulent across it. Unlike rotational and atmospheric turbulence with stable stratification, in counterflow turbulence the streamwise velocity component plays the dominant role. This effect is progressively stronger at smaller scales and at higher temperatures. At low temperatures, the milder gradual increase of the small scale anisotropy is due to the smaller fraction of normal fluid and consequently weaker decorrelation. The structure functions of this anisotropic, non-scale invariant turbulent flow, do not allow to extract the quantitative information about the energy distribution over scales, but are expected to reveal strong differences between the directions along and orthogonal to the counterflow velocity.
